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ABSTRACT

The dynamics of n-heptane/air mixtures in perfectly stirred reactors (PSR) is investigated systematically
using bifurcation and stability analysis and time integration. A skeletal mechanism of n-heptane con-
structed by entropy production analysis is employed, which is extensively validated for different condi-
tions with respect to the ignition delay time, laminar flame speed, and the typical hysteretic behavior
observed in PSRs. The significantly reduced size of the skeletal mechanism, enables the extension of
the bifurcation analysis to multiple parameters. In addition to residence time, the effect of equivalence
ratio, volumetric heat loss and the simultaneous variation of residence time and inlet temperature on
the reactor state are investigated using one- and two-parameter continuations. Multiple ignition and
extinction turning points leading to steady state multiplicity and oscillatory behavior of both the strongly
burning and the cool flames are found, which can lead to oscillatory (dynamic) extinction. The
two-parameter continuations revealed isolas and codimension-two bifurcations (cusp, Bogdanov-
Takens, and double Hopf). Computational Singular Perturbation (CSP) and entropy production analysis
were used to probe the complex kinetics at interesting points of the bifurcation diagrams.

© 2015 The Combustion Institute. Published by Elsevier Inc. All rights reserved.

1. Introduction

The Perfectly Stirred Reactor (PSR) or Continuous Stirred Tank
Reactor (CSTR) is commonly used to study complex chemical
kinetics and combustion dynamics. In practice, such reactors can
be realized by intense mixing using gas reactant jets in a
jet-stirred reactor [1]. Efficient mixing provides homogeneous con-
ditions so that the state at the reactor exit is the same as inside,
simplifying strongly its numerical modeling.

Since the rigorous analysis of Bilous and Amundson in 1955 [2]
and the more comprehensive numerical study of Aris and
Amundson [3], the reactor dynamics and stability for the single-
step irreversible exothermic reaction R — P have been investigated
extensively, revealing interesting dynamics which include multiple
equilibria and hysteresis loops, super- and subcritical Hopf
bifurcations, and complex oscillations (see, for example, [4-6]).

The dependence of the reactor state (indicated for example by
its temperature T) on 7, the residence time in the reactor, typically
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displays an S-shaped curve, connecting the weakly- and strongly
burning steady state branches via an unstable steady state branch
between the ignition and extinction points [7]. The lower branch of
the bifurcation diagram that shows the possible long-term states
drawn schematically in Fig. 1 starts from the chemically frozen
state at very short residence time and remains weakly reacting
up to the residence time of ignition i, where the system state
jumps to the strongly burning branch. Starting from a state on
the latter branch, the gradual decrease of t will eventually lead
the reactor back to the weakly reacting state at 7., the residence
time of extinction. Steady state multiplicity exists for
Tex < T < Tign, and the reactor operation becomes sensitive to
external perturbations.

More complete pictures of the qualitative features of PSRs and
phase portraits for various scenarios of bifurcation diagram have
been obtained analytically and numerically for single-step reac-
tions and lumped variables [8-10]. PSRs have also been investi-
gated via Lyapunov’s direct method [11], parametric sensitivity
[12] as well as from the control and stabilization point of view
(e.g. [13]). A discussion of earlier theoretical and experimental
studies of ignition and cool flames in CSTRs can be found in the
review of Griffiths and Scott [14], the book [6] and the references
therein. The ignition and extinction conditions are used for the
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validation and rate constant tuning of detailed and reduced mech-
anisms by comparison with experimental data (see, for example,
[15]).

Although the dynamic behavior of PSRs using generic single- or
few-steps reactions has been systematically analyzed, few litera-
ture studies have considered detailed reaction mechanisms.
Numerical investigations of hydrogen combustion in isothermal
PSRs [16-18] revealed complex dynamics which in addition to
ignitions and extinctions included oscillations and birhythmicity
(coexistence of two stable limit cycles for the same operating con-
ditions). Sensitivity and principal component analysis at the bifur-
cation points were used to construct minimal reaction mechanisms
that can predict state multiplicity [17]. Recent investigations of
ignition/extinction behavior of more complex fuels like dimethyl
ether [19,20] and n-heptane [21] in PSRs focused on the detection
of important features with respect to the variation of a single
parameter (the residence time) and its effect on the type of extinc-
tion (sudden jump to the weakly burning or extinguished state or
dynamic extinction via oscillations of increasing amplitude) [20].

The complexity of the reaction mechanism in terms of the num-
ber of species and reactions increases dramatically with the size of
the fuel molecule [22], and even for ideal homogeneous reactors
like the PSR the computational cost becomes high, particularly
when a large number of parameters determines the behavior.
Thanks to the availability of efficient numerical continuation pack-
ages, the analysis of the dynamics of single- or few-steps global
reactions can be expanded to detailed mechanisms including hun-
dreds of species and thousands of elementary reactions. The effi-
cient scanning of the dynamics with respect to multiple
operating parameters can identify the critical conditions leading
to the transition between different reactor states and provide
essential information not only to enhance our understanding of
the phenomenology of combustion chemistry, but also for the
design of experiments to probe different types of kinetics for
mechanism validation purposes.

In the present study, we employ a skeletal mechanism con-
structed using the recently proposed reduction approach that is
based on the relative contribution of elementary reactions to the
total entropy production [23]. Comparisons with the detailed
scheme show that the skeletal mechanism reproduces accurately
not only the ignition delay and the laminar flame speed over a
wide range of conditions, but it can also accurately capture the
complex PSR dynamics including the bifurcation points.

The bifurcation diagram summarizing the possible dynamics as
well as the transitions leading from one state to another can be
generated by finding the long-time state for the system of equa-
tions describing the dynamics for different values of the controlling
parameter(s). In a brute force manner, this can be achieved by
scanning the parameter space and numerically integrating the
transient equations modeling the temporal evolution of the con-
centration and temperature in the reactor (Section 2) starting from
different initial conditions. The dynamics in a PSR is determined by
five parameters: the residence time 7, inlet temperature Ty, pres-

sure p, equivalence ratio ¢ and heat loss per unit volume Qs
and the brute force method becomes impractical. In addition to
the excessive number of integrations that are required, this
approach can only identify stable steady or oscillatory states.
Arc-length continuation methods [24] offer an accurate and
more efficient way to track changes in the long-term behavior by
starting from a particular solution and following it as one or more
parameters are varied. Unstable solutions can be computed, and
the local stability can be determined by the eigenvalues of the
Jacobian matrix obtained by linearization of the governing
equations around the desired state: eigenvalues with negative
(positive) real parts define stable (unstable) states. In this work,

the AUTO-07p package [25,26] is employed to systematically fol-
low the transitions in the observed behavior, first with respect to

independent variations of T and Q. for fixed values of the remain-
ing parameters (one-parameter continuations), and then for the
simultaneous variation of 7 and Ty (two-parameter continuation).
The effect of equivalence ratio and pressure is assessed by comput-
ing the two-parameter diagrams for different values of ¢ and p to
partially construct three-parameter diagrams. The observed
dynamics include steady and oscillatory strongly burning states
and cool flames, multistability over extended ranges of operating
conditions and higher codimension bifurcations.

Entropy production analysis can also provide useful information
about elementary reactions responsible for bringing the system
state to equilibrium. Computational Singular Perturbation (CSP)
analysis is also employed to identify the dominant reactions at
the bifurcation points. CSP is a time-scale based approach that
has been used for the identification of slow and fast processes
(e.g. [27]), skeletal and reduced mechanism generation (e.g.
[28,29]), analysis of two-stage n-heptane ignition [30], as well as
flow-chemistry interactions in limiting phenomena [31,32]. The
CSP analysis is performed on the so-called explosive mode, i.e.
the mode with time scale corresponding to the positive or the least
negative eigenvalue of the Jacobian matrix at the state of interest.
The corresponding eigenvector, a first-order approximation to the
CSP mode, is used to identify the most important reactions at
extinction, ignition or oscillatory combustion with the help of the
amplitude [33] and time scale participation [34] indices. More
detailed CSP-based analyses of autoignition and the multi-stage
ignition of n-heptane can be found in [35,30,36].

The work presented here is along the lines of the work of Lu and
co-workers who studied combustion dynamics in PSRs for n-hep-
tane [21], methane [19] and DME [19,20]. One-parameter continu-
ations with respect to the residence time were performed in these
works focusing on ignition and extinction, and a variant of the CSP
method, the Chemical Explosive Mode Analysis (CEMA) [37], was
used to analyze the kinetics.

The paper is organized as follows: Following the presentation of
the PSR governing equations in Section 2 and a brief discussion of
numerical continuation in Section 3, the skeletal mechanism that
was generated using entropy production analysis is presented in
Section 4. The CSP analysis tools used are briefly reviewed in
Section 5, before turning to the results of numerical calculations
both from the chemical kinetics and the dynamical system points
of view (Section 6).

2. Governing equations

A system of ng chemical species M;, i =1,...,n, is considered,
which reacts according to a mechanism of n, reversible elementary
reactions

ns ns
/ N AVA
> viMi=> viM,
i=1 i=1

Stoichiometry is defined by v}, and v}, the stoichiometric coeffi-

cients of species i in reaction k for the reactants and products,
respectively. The rate of the elementary reaction k is

k=1,...,n, (1)

ns

ng
Qe =q) — g, = kK[ - k[ k=1,....n )

i=1 i=1

where [X;] denotes molar concentration of species i and k! and k|
are the forward and reverse rate constants of reaction k. The
production/consumption rate of the ith species ; is the summation
of the rates of all reactions involving the species i
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ny
;= Zvika 3)
k=1

where vy = v}, — v}, is the net stoichiometric coefficient.

The temporal evolution of Y;, the mass fraction of species i, and
temperature T in a perfectly stirred reactor is described by a sys-
tem of ordinary differential equations (ODEs)

dYy; 1/ _ oW, .
W,%<yi_y,>+7 i=1,...,n 4)

N ns

z—f _ El—r (W~ h)Y? - %Zhiwiwi ~ Qs
DY i1 p P i pCP
where Y? and h? are the mass fraction and total enthalpy of species i
at the inflow with temperature Ty, W; and h; the molecular weight
and total enthalpy of species i,¢, and p the mixture heat capacity
under constant pressure and density, and Qs the heat loss per unit
volume. With the equivalence ratio ¢ defining the inlet composition
Y?, the system state is described by the n; + 1 dimensional vector
z=1Y;,T], i=1,...,n, for specified values of the components of
the five-dimensional parameter vector I = [, ¢, To,p, Q,oss}; p is
the reactor pressure.

Starting from an initial condition z = z(t = 0), the initial value
problem (4) can be integrated for specified values of the parame-
ters using the stiff ordinary differential equation solver DVODE
[38] to compute the temporal evolution of the reactor state. The
chemical source term and the thermodynamic properties are com-
puted using CHEMKIN [39]. At long times the system evolves
towards either a steady (equilibrium) or an oscillatory state (limit
cycle or periodic orbit). In general, bounded solutions of systems of
autonomous ODEs can also converge at long times to more com-
plex attractors, like tori (quasi-periodic orbits) or strange attractors
(chaotic orbits) (for example, see [40,41]).

3. Numerical bifurcation analysis

Time integration can be used to explore the dynamics in a
brute-force way for different combinations of parameters and ini-
tial conditions. In the general case, slight changes of the parame-
ters result in small changes of the long-term dynamics, and the
dynamical system displays structural stability. However, at critical
parameter values small variations can lead to bifurcations where
the change in the long-term dynamics can be dramatic. The corre-
sponding values or the zero-, one- or multi-dimensional loci of the
critical parameters define the bifurcations points, curves, or sur-
faces which separate the parameter space into regions character-
ized by similar long-term behavior.

The system (4) can be written in the generic vector form

& _fer) )

Here, z € R™*! is the system state, I' € R™ the vector of operating
parameters, and the source term f: R™*™*! — R™*! is a smooth
vector function satisfying the Lipschitz conditions. The brute-force
approach is neither efficient in probing the dynamics nor accurate
in determining the bifurcation points, particularly for
high-dimensional phase and parameter spaces. The aim of numeri-
cal bifurcation analysis is to compute accurately and efficiently the
long-term  solutions of the corresponding set of the
parameter-dependent nonlinear algebraic equations

f(zI)=0 (6)

defining the steady state of the system as some of the n, parameters
are varied to compute the solution branches z(T).

For the sake of completeness, the basic notions and dynamic
features observed in this study are summarized. For a more com-
prehensive discussion the reader is referred to [41]. For fixed
parameter values, the phase portrait is the collection of solution
trajectories of Eq. (5) in phase space, the (ns+ 1)-dimensional
space in which all possible system states can be represented. At
given parameter values I'* a fixed point is the steady state z* satis-
fying f(z*;T*) = 0. At long times, the system state may also evolve
on a limit cycle, a closed trajectory in phase space that describes
oscillatory behavior. Together with fixed points they are the most
commonly observed types of limit sets. If the qualitative structure
of the phase portrait changes at I' = I'" then a bifurcation occurs,
and (z*;I'*) defines the bifurcation point. The bifurcation diagram
is the plot of some function of the state variable z in the limit set
as a function of one or more components of the controlling param-
eters I.

The local stability of a state can be characterized by the eigen-
values and eigenvectors of the Jacobian matrix of the right hand
side of (5),J = Z—‘; [24,41]. As the solution branch I is followed dur-
ing variation of a single parameter, the eigenvalues follow trajecto-
ries on the complex plane when the real part is plotted vs the
imaginary part, and bifurcations occur when the eigenvalue
acquires a zero real part. In the generic case, when a real eigen-
value crosses zero at (zrp; I'rp), two fixed points collide and disap-
pear at a turning point bifurcation. When a complex pair of
eigenvalues with negative real part crosses the imaginary axis at
(zup; Tup), a stable state loses stability at a Hopf bifurcation point
and in the generic case a limit cycle is born. It can be shown that
these codimension one bifurcation points (i.e. obtained by varying
a single parameter) follow curves when a second parameter is var-
ied simultaneously which can meet at codimension-two points.
These higher codimension bifurcations play the role of organizing
centers of lower-order bifurcations [41]. At a cusp bifurcation point
two turning point curves meet tangentially and the parameter
space is divided into regions having a different number of steady
states. At a Bogdanov-Takens bifurcation, the linearization at the
fixed point has a pair of real zero eigenvalue and satisfies some
technical non-degeneracy conditions [41]. At a double Hopf or
Hopf-Hopf point the Jacobian has two pairs of purely imaginary
eigenvalues.

The package AUTO-07p [25,26] is employed for the continua-
tion and bifurcation analysis of the system of Eq. (4). In the com-
bustion community, AUTO has been used to study the dynamics
of the Belousov-Zhabotinsky reaction [42] and for hydrogen/air
mixtures in PSRs [16,18]. In order to perform a comprehensive
study of n-heptane in a PSR, AUTO-07p was coupled with the
CHEMKIN library [39] so that complex reaction mechanisms can
be readily accommodated. Dynamical system analysis for high
hydrocarbons is less common and the recent studies have mostly
focused on the effect of varying the residence time on the reactor
temperature [21,19,20]; the details of the employed continuation
approach were not provided.

4. Skeletal mechanism for n-heptane/air mixture

Entropy production analysis was recently proposed as a method
for the construction of skeletal mechanisms [23]. The rate of
change of the total entropy production per unit volume due to
the n, elementary reactions reads
ds L ql
=R (4l -q)In (q_'; (7)

k=1 k
where R. is the ideal gas constant. The relative contribution of

each reaction to the total entropy production at time ¢t is
defined as
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Fig. 1. Typical S-shaped bifurcation diagram of a PSR temperature with respect to
the residence time.
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and the most-contributing reactions can be identified as the set of
reactions which contribute more than a user-specified threshold €
to the total entropy production

r(t) = € (9)

The set of unimportant species, i.e. those not present in the
most-contributing reactions, can be eliminated from the reaction
mechanism. The entropy production analysis was performed for dif-
ferent threshold values € on a solution database for n-heptane
auto-ignition in the range of pressures 1 < p < 20 atm, initial tem-
peratures 650 < Tp < 1400 K, and equivalence ratios 0.5 < ¢ < 1.5
computed with version 2 of the detailed n-heptane/air mechanism
(561 species and 2539 reactions) of Curran et al. [43,44], which in
the following will be referred to as D561. A skeletal mechanism
with 161 species and 688 reactions was constructed with
€ = 0.006 and validated for different cases in a wide range of ther-
modynamic conditions for auto-ignition in a constant pressure and
variable volume reactor, in steady perfectly stirred reactors, and for
laminar premixed flames [23].

Careful inspection of the results of time integration in a tran-
sient PSR revealed that 13 intermediate species of the skeletal
mechanism that participate in important reactions appear only as
reactants in irreversible reactions in the detailed mechanism.
Since they cannot be produced, their concentration remains

vund vl v ound vyl 1

gy Ty

vod vl v el 1ol

T Ty

20 atm

| | | | |
10 0.8 I 12 14 16

1000/T, [1/K]

(a)

vod vl v vl vl
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identically zero and they can be safely removed to construct a
skeletal n-heptane mechanism with 149 species in 669 reactions
(denoted as S149); the skeletal mechanism in CHEMKIN format is
provided as supplementary material. Figure 2 compares the igni-
tion delay times and laminar flame speeds. As it can be readily
observed, the skeletal mechanism reproduces the results of
detailed mechanism accurately. Additional details and validations
can be found in [23].

The comparison of the detailed and skeletal mechanisms for the
continuation with respect to the residence time for a stoichiomet-
ric mixture of n-heptane and air with To = 650K and p = 1,5 and
20 atm is shown in Fig. 3. Although not marked in the figure, the
skeletal mechanism is able to capture accurately not only the turn-
ing but also the Hopf bifurcation points (Table 1). It can therefore
be concluded that the skeletal mechanism provides an accurate
description of the kinetics and retains high fidelity to the complex
non-linear dynamics of n-heptane oxidation in comparison to the
detailed mechanism.

5. CSP analysis

The processes contributing to the dominant time scale at the
bifurcation points are investigated in Section 6 via numerical tools
provided by the Computational Singular Perturbation.

The system of Eq. (4) for an adiabatic PSR can be rewritten as

dz

T8 =P@)+L@)

(10)

by decomposing the right hand side in terms of the chemical source
term P(2)

p_ [Widn  Wadn 3 Wiiih]' )
L p pCy
and the flow term L(z)
[yo YO Y, S Y7 (R —h
L= YITYH___, e C(I_ ) (12)
P

The source term in Eq. (10) can be written as a matrix-vector
product

g(z) =SR (13)

200 T T T T T T T
190
180
170
160
150
140
130
120

Sy [em/s]

Fig. 2. Comparison of the results obtained with the skeletal (symbols) and the detailed (solid line) mechanisms for the dependence of (a) the auto-ignition delay time on the
initial temperature at various pressures and (b) the laminar flame speed on equivalence ratio.
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Fig. 3. Comparison of the dependence of reactor temperature on the residence time
for an adiabatic PSR at Ty = 650 K, ¢ = 1.0 and various pressures using the detailed
(solid lines) and skeletal (open circles) reaction mechanisms.

where § is the (n;+ 1) x (2n, + 1)-dimensional generalized stoi-
chiometric matrix (forward and reverse reactions are treated
separately)

[ wpn WiVin, —Wyvy ~WiVin, Yooy, b
P p p p T
Wavy . WaVan, ~Wyvy L Wav, Yo-v,
P p » P T
S=
Wagvngt . WasVngne Wisnr W Vngn, Yoo —Yns
P p » P T
n n n n n
’Zi;’hiw'v“ . ’Zi:slf”wivmr ,:sliffwi"“ Ziil thfV""r Z,L(f’?*“l)y?
L P pep PCp pCp Y3 ]

(14)

andR = {q{, o qﬂr,qq, o qh 1]T is the (2n, + 1)-dimensional vec-
tor of the generalized rates of progress.

Systems enjoying time scale separation are evolving in fast and
slow subspaces embedded in the phase space. A typical scenario in
chemical kinetics is a spectrum of time scales, 7;, where the first F
scales are much faster than the rest and there is a large gap
between the F and F + 1 time scales

T1 < <Tp L T < -+ < Tpgyl (15)

CSP [33] offers an algorithm to decompose the dynamics into itera-
tively refined modes, which span the fast and slow subspaces.
Recasting Eq. (13) in terms of the CSP modes, one can write

F ns+1
. | .
g= gfust + 8siow = Zafaﬂm}ast + Z a? melslow (16)
i=1 i=F+1

where a; is the (n; + 1)-dimensional CSP column basis vector for the
ith mode with amplitude mi = b'-g. The complementary vector
space element b' is the CSP row basis vector satisfying orthogonality
condition (written in Kronecker form) b'- a; = bj' Typically the F
fastest time scales are dissipative, the corresponding CSP modes

quickly become exhausted and the system state evolves on the slow
subspace, which can be approximated by

m}mzo i=1,...,F (17)
The relaxation on the slow subspace is then governed by

dz

E ~ gslow (18)

Local information for the system time scales can be obtained from
J,, the Jacobian of g at the desired state. For real eigenvalues (com-
plex pairs are treated as described in [35,45]), the CSP ith mode can
be distinguished with a time scale approximated by T ~ |4] ', the
ith eigenvalue of J, [46]. The right eigenvectors »; stored column-
wise define the (n; + 1) x (ny + 1) matrix V

V=[v,0v,,...,0y.1] (19)

while the ith row of matrix V! is the ith left eigenvector #; of the
Jacobian
v
2}
vi=| | (20)
-
Nsi1

To leading order CSP vectors can be approximated by the right and
left eigenvectors, i.e. a; = »; and b = vl [46].

The decomposition approach briefly presented above, leads to
the introduction of different diagnostic tools to quantify the contri-
bution of species and reactions or other processes to the CSP mode
of interest. The ith CSP mode can be characterized based on the
sign of Re(%;), the real part of the eigenvalue of J,. The CSP mode
related to the positive or less negative eigenvalue plays the main
role in limiting phenomena like ignition and extinction [19-
21,31,32,47].

The contribution of process k to the amplitude of the ith CSP
mode can be computed with the help of the amplitude participation
index [33,35,21,36]

(9" - Si)R*

oo - S )RY|

API, = (21)

Table 1
Comparison of the bifurcation points computed with the detailed (D561) and the skeletal (5149) mechanisms; TP; and HB; are as marked in Fig. 4 (adiabatic PSR at T, = 650 K,
¢ =1)
p [atm] TP, (t[s], TK]) TP, (t[s], TK]) TP; (t[s], TK]) HB, (ts], TIK])
D561
1 (2.32x107°,1735.4) (1.02,790.2) (1.22 x 1073,706.5) (1.04 x 107%,741.9)
5 (635 x 1075,1846.1) (6.38 x 1072,840.3) (4.75 x 1074,749.6) (3.13 x 1073,789.0)
20 (2.78 x 1075,1981.4) (7.24 x 1073,889.0) (2.37 x 1074,789.9) (9.21 x 107%,833.8)
5149
1 (233 x107%,1739.2) (1.08,807.3) (8.41 x 1074,717.3) (6.98 x 107%,756.5)
5 (6.39 x 1075,1849.5) (7.34 x 1072,859.5) (3.76 x 1074,760.1) (2.29 x 1073,803.2)
20 (2.81 x 1075,1983.8) (8.93 x 103,908 .4) (2.24 x 1074,800.3) (7.09 x 107*,844.7)
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where k=1,...n, and k =n, +1,...,2n, correspond to the contri-
bution of the forward and reverse reaction rates and k = 2n, + 1
to the contribution of flow term. The API values are normalized to
[0, 1] and complex conjugate pairs of modes can be transformed into
a pair of real modes as described in [35,45].

The Jacobian matrix J, can be decomposed based on the contri-

bution of the processes,

2n-+1

J: = Z Cr
k=1

where the ¢ = V(SR) is the (ns+1) x (n, + 1)-dimensional
gradient of the vector S,R¥. The ith eigenvalue of J; can then be writ-
ten as,

(22)

A= i/;r Ui+ -+ i];r +Con41 Vi (23)

and the normalized contribution of process k to the value of the ith
eigenvalue (ith time scale) defines the timescale participation index
[34,48,20,46],

i);r - Cx Vi

TPl = 1~
C e o eew|

(24)
The analytic Jacobian matrix used in the CSP analysis is obtained by
applying the automatic differentiation tool Tapenade [49] on the
source code of the transient PSR, and the eigenvalues and the left
and right eigenvectors of the Jacobian were computed using
LAPACK routines [50]. In the following, we will only analyze the
explosive mode corresponding to the leading eigenvalue, i.e. the
one with positive or least negative real part, to identify the domi-
nant process and reactions for ignition, extinction and oscillatory
behavior.

In addition to the time scale analysis, entropy production, plays
an important role in characterizing the reversibility of the system
[51]. Chemical affinity, Gibbs free energy and entropy production
are closely related [52,53]. The reactions which contribute more
in the production of entropy are responsible for relaxing the sys-
tem from the initial state towards the maximum entropy state
(equilibrium) and can be ranked accordingly (see for example
[54] for a combustion application). In this work, entropy produc-
tion analysis will be applied at bifurcation points to identify the
reactions which are responsible for combustion irreversibility.

2600

LBl B L) B B AL B B L) B R L) B R AL

L strongly burnin i
2400 |- ]

T |

2200 -
L 800
2000 (-
1800 [~ TP

1600 — AN

T K]

1400 |- 700
unstable branch~

1200 -

1000 [~ b

B2 S~ \TPi
TP HB cool flame ]
TP, ! |

|

800 [~

extinguished

|

600 —

vl |

10" 10°

| vl sl

T [s]
(a)

3171

6. Continuation and bifurcation analysis

In this section, the effect of the variation of the system param-
eters on the dynamics of n-heptane/air mixtures in adiabatic and
non-adiabatic perfectly stirred reactors are investigated using
AUTO-07p [26].

6.1. One parameter continuations

6.1.1. Adiabatic reactor: effect of residence time

The bifurcation diagram for the combustion of a stoichiometric
mixture in an adiabatic PSR at atmospheric pressure and inlet tem-
perature Ty = 700 K displays five branches (Fig. 4(a)). In addition to
the commonly observed strongly burning state, the unburned or
weakly burning states and the connecting unstable branch drawn
in Fig. 1, the cool flame and a short unstable branch connecting
it to the extinguished reactor state are found. The cool flame
behavior is associated with a small increase of the reactor temper-
ature (732 < T < 820K) and is characteristic of higher hydrocar-
bons displaying multi-stage ignitions and the Negative
Temperature Coefficient (NTC) regime [55]. The branches are sep-
arated by the four turning points TP; and the analysis reveals two
additional Hopf bifurcation points HB; leading to oscillatory
dynamics as discussed below. Similar bifurcations are reported in
[21] for a ¢ = 0.5 mixture at p = 10 atm.

The first turning point at Tz, = 0.0206 ms (T7p, = 1753.5K)
marks the extinction limit of the strongly burning state as can be
verified by time integration of the transient Eq. (4) starting from
an initial condition at TP; and reducing the initial reactor temper-
ature by 1 K: the response shows a fast drop of the reactor temper-
ature to that of the inflowing mixture (Fig. 5(a)). The most
contributing reactions to the total entropy production as well as
the important reactions identified by time scale analysis of the
CSP mode with positive eigenvalue are provided in Fig. 5(b)-(d).
At TP, the leading eigenvalue is zero. To avoid numerical difficul-
ties with the infinite time scale, the CSP analysis was performed
slightly to the right of the bifurcation point on the unstable branch.
Although the leading eigenvalue changes rapidly around TP, the
ordering of the reactions and the indices were found to be insensi-
tive to the chosen point. The APIs reveal that extinction is con-
trolled by the competition between the flow (negative index as
expected from the transition to the extinguished branch by an
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Fig. 4. (a) Reactor temperature as a function of residence time for a stoichiometric n-heptane/air mixture (p = 1 atm, To = 700 K) in an adiabatic PSR. Solid (dashed) lines
indicate stable (unstable) states, while the solid curves between HB; and HB, of the expanded inset show the maximum and minimum reactor temperatures during the
oscillations. (b) Trajectories of the leading eigenvalues along the cool flame branch for T < 6 x 107 s.
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Fig. 5. Extinction of the strongly burning state at TP; (T = 1753.5 K, 7 = 0.0206 ms): (a) Temperature evolution in the transient PSR after reduction of the reactor temperature
by 1K, (b) Most contributing reactions in the total entropy production, (¢) amplitude participation indices, (d) timescale participation indices (p = 1 atm, T, = 700 K).

increase in the flow rate, i.e. decrease in the residence time) and
the elementary reactions responsible for the main chain branching
step at high temperatures, H+ O, — O + OH, and the main heat
releasing reaction, CO + OH — CO, + H (positive indices indicating
that an increase in the rates of these reactions will favor the
strongly burning state). The dominant time scale at the chosen
point (t; = 1/4; = 6.97 x 10~* 5) is determined by the main chain
branching reaction (positively in the radical-producing direction,
negatively in the reverse direction) and negatively by the cold
inflow. The main heat releasing step together with the secondary
chain branching step O + H, — H + OH have a positive contribution.
Entropy production and thus irreversibility is dominated by reac-
tions including small molecules.

The second turning point at T, = 0.7571s (T, = 820.3 K)
marks the ignition conditions towards the strongly burning state.
Indeed, a 1 K increase of the initial reactor temperature from the
conditions at TP, results in a jump to the strongly burning state
(Fig. 6(a)). Entropy production analysis reveals that reactions
responsible for the breakup of heavy molecules are most important
with respect to irreversibility (Fig. 6(b)), while CSP analysis per-
formed slightly to the left of TP, on the unstable branch
(Figs. 6(c) and (d)) shows the clearly dominant role of the reaction
H,0,(+M) — 20H(+M), the main branching step at low tempera-
ture [56], both in the amplitude and in the time scale
(t1 = 6.09 s) of the leading eigenmode. Flow has again a negative
contribution. Similar findings are reported in [35,30] for autoigni-
tion of a stoichiometric n-heptane/air mixture in a constant vol-
ume batch reactor at 850 K and 13.5 bar.

Along the cool flame branch, the segment connecting the two
supercritical Hopf bifurcation points HB; and HB, (dashed line in
the inset of Fig. 4(a), with the solid lines marking the oscillation
amplitude) defines the range of residence times for which the
n-heptane cool flames exhibit oscillatory behavior. The trajectories
of the complex pair of eigenvalues on the complex plain (imaginary

part plotted against the real part) as 7 is decreased from 7 = 6 ms
along the cool flame branch of Fig. 4(b) show the two crossings of
the real axis at the Hopf bifurcation points HB; and HB,, their
meeting at T = 4.13 ms to become real, and their subsequent tra-
jectories along the real axis. One of them crosses to positive values
at turning point Trp,.

The time history of the state initialized at point S
(t=0.7412ms, T = 760.84 K, Fig. 4(a)) shows the evolution to a
limit cycle with a frequency of about 240 Hz (Fig. 7(a)). At the
unstable steady state S;, the kinetics are determined by the set of
reactions shown in Fig. 7(b)-(d). Reactions containing heavy mole-
cules are most-contributing in the total entropy production. The
APIs show that the dominant reactions are the dehydrogenation
of n-heptane by hydroxyl radicals to produce different isomers of
the heptyl radical C;H;s and initiate the formation of the radical
pool, while the flow term has again the main negative contribution.
In addition, ketohydroperoxide molecules are formed from isomer-
ization of peroxy-alkylhydroperoxide radicals. The real part of the
dominant eigenvalue at S; is positive. The TPI shows that the slow-

est timescale of the unstable state at Sy (7; = 4.51 x 1073 s) is due
to the reactions CH,0 + OH — HCO + H,0 and HO, + OH — H,O0. At
this point, flow has a contribution only on API, which is positively
affected by the H abstraction reactions by the hydroxyl radical. As
shown in [57] for a simple glycolysis model, CSP analysis can also
be used to identify the processes controlling the oscillatory behav-
ior. For the high-dimensional n-heptane combustion, such a study
is significantly more complicated and beyond the scope of this
work.

The steady cool flame becomes stable for a narrow interval
when 7 < 7up,, and eventually disappears for a shorter residence
time at the third turning point TP3 (t =0.413 ms, T = 731.72 K,
Fig. 4(a)). As shown in Fig. 8(a), a reactor initialized at a tempera-
ture slightly lower than Ty, evolves towards the inlet tempera-
ture; TP; corresponds to the first stage ignition point of
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Fig. 6. Ignition of the cool flame at TP, (T=820.3 K, T = 0.7571 s): (a) Temperature evolution in the transient PSR after increasing the reactor temperature by 1K, (b) Most
contributing reactions in the total entropy production, (c¢) amplitude participation indices, (d) timescale participation indices (p = 1 atm, Ty = 700 K).
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Fig. 7. Oscillatory dynamics at the sample point S; (7 = 0.7412 ms, T=760.84 K): (a) Temperature evolution in the transient PSR together with a projection of a sample
trajectory on the (You, Yo, ) phase plane, (b) most contributing reactions in the total entropy production, (c) amplitude participation indices, (d) timescale participation indices
(p=1atm, Tp = 700 K).

n-heptane/air mixtures. The explosive mode amplitude is very sen-
sitive to the residence time, while chemistry is dominated by

isomerization (internal H-atom abstraction) and dehydrogenation
reactions via OH and O, (Fig. 8(c) and (d)). For low temperature
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Fig. 8. Cool flame extinction limit TP3 (T =731.72 K, T = 0.413 ms): (a) Temperature evolution in the transient PSR after decreasing the reactor temperature by 1 K, (b) most
contributing reactions in the total entropy production, (c) amplitude participation indices, (d) time scale participation indices (p = 1 atm, T, = 700 K).
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ignition of n-heptane, the same class of reactions are found to
dominate the oxidation path in [29]. All along the cool flame
branch, entropy is produced by reactions involving large
molecules.

Finally, another unstable branch connects the cool flame to the
extinguished reactor state at the fourth turning point TP, at
7=0.56 ms and T = 700.0013 K (expanded inset in Fig. 4(a)).

6.1.2. Adiabatic reactor: effect of equivalence ratio
According to Fig. 4(a), the stoichiometric mixture in a PSR with
T=1ms can support three steady states with reactor

temperatures equal to 2219 K (stable, strongly burning), 1296 K
(unstable intermediate state) and 765 K (unstable cool flame),
and one stable oscillatory state around the cool flame. The effect
of the variation of ¢ on the reactor temperature at fixed T =1 ms
is shown in Fig. 9. Three branches can again be seen, but the bifur-
cation diagram in this case displays an isola containing the stable
strongly burning state and the unstable branch within the flamma-
bility range 0.325 < ¢ < 2.582, which is not connected to the cool
flame branch. The maximum temperature of the strongly burning
state occurs slightly on the rich side of the fuel equivalence ratio
¢, as expected from the off-stoichiometric peak of the adiabatic
flame temperature for hydrocarbon/air mixtures [7]. The isola is
clearly separated from the cool flame branch which extends over
the whole range of ¢ with temperatures To < T < 793.8 K. Since
for ¢ > 2.582 the cool flame is the only steady reactor state, its
kinetics can be isolated and effectively studied.

The changes in the bifurcation diagram that lead to the forma-
tion of the isola as the residence time is varied are shown in Fig. 10.
The isola exist for T < 0.1 s (Fig. 10(c)), but disappear for T = 0.2 s
(Fig. 10(b)) after the unstable and the cool flame branch merge at
some intermediate residence time. For T = 1 s the bistability region
shrinks to 0.172 < ¢ < 0.775, and at long enough residence times
the T—¢ diagram will assume the familiar shape of the adiabatic
flame temperature vs. equivalence ratio curve [7]. At low residence
times the size of the isola, and with it the flammability range,
decrease and at sufficiently low 7 the cool flame branch disappears
(reactor temperature equal to Ty, Fig. 10(f)).

6.1.3. Effect of heat loss

The dependence of the reactor temperature on heat loss for the
stoichiometric mixture at atmospheric pressure and for T = 1 s and
To = 700 K is depicted in Fig. 11. At these conditions, the adiabatic
(Quss = 0) reactor can only operate at the strongly burning state
(T = 2463 K), but as the heat loss increases the reactor tempera-
ture decreases and hysteretic behavior is observed. Two turning
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points mark the conditions where no strongly burning state (TP,
Quss = 0.67 kJ/s m®) or cool flame (TP, Qs = 0.02k]/s m?) can
be supported in the reactor, while the existence of the Hopf bifur-
cation point HB (Qus = 0.614 kJ/s m*, T = 1201.3 K) before TP;
indicates that the strongly-burning flame extinguishes dynami-
cally. The solid curves emanating from HB in the inset of Fig. 11
and marking the oscillation amplitude show that the limit cycle

exists for Qs < Quoss < 0.6459 k]/s m® and disappears suddenly,
probably in a global bifurcation involving the limit cycle and the
saddle point which is difficult to locate in such a
high-dimensional phase space.

The long-term behavior along the unstable branch connecting
the HB to the TP; point in Fig. 11 becomes very sensitive to the ini-
tial condition. Figure 12 shows that for Qs = 0.646 kJ/(s m?) start-
ing from two initial conditions taken along the dashed line
connecting HB to TP; in Fig. 11 and slightly perturbing the reactor
temperature, either a multi-period limit cycle (T =1140K,
Fig. 12(a)) or extinction (T = 1137.8 K, Fig. 12(b)) can be observed.
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Fig. 12. Temporal evolution of the reactor temperature for non-adiabatic PSR with
Quoss = 0.646 KJ/(s m*) (p = 1atm, Tp = 700K, ¢ = 1,7 = 1 s). Different initial con-
ditions results in (a) multi-period transient solution for initial T = 1140 K or (b)
dynamic extinction for T = 1137.8 K.
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Isolas also exist in the non-adiabatic case as shown in Fig. 13 for
Quss = 0.1 5. Hopf bifurcation points are found along the unsta-

sm3*
ble (inset inside the isola) and the cool flame branch (inset at lower
left corner). The oscillations for Ty, < T < T7p, have amplitudes of
about 10 K and the period increases with increasing residence time
(Fig. 13(b) and (c), periods of 0.12 and 0.17 s, respectively). Close to
the turning point, the reactor operation is characterized by long
intervals (close to 70 s) of slow increase of the temperature fol-
lowed by oscillations with a period of approximately 0.3 s
(Fig. 13(d)), indicating that the limit cycle disappears at a global
bifurcation involving the nearby saddle point [41].

6.2. Multi-parameter continuation

Continuation of the turning and Hopf bifurcation points while
simultaneously varying two parameters results in bifurcation
curves which delineate regions on parameter planes with similar
long-term dynamics. For the 150-dimensional system considered
here, the two-parameter continuation with AUTO-07p requires
careful choice of the numerical parameters and the bifurcation dia-
gram had to be constructed in a piecewise manner.

6.2.1. Adiabatic reactor: effect of residence time and inlet mixture
temperature

We now consider the effect of the simultaneous variation of the
residence time and the inlet temperature on the four turning and
the two Hopf bifurcation points of Fig. 4(a). The results are plotted
in Fig. 14(a) together with one-parameter diagrams at selected Ty
(Fig. 14(b)-(e); Fig. 4 should also be consulted for the notation).
The turning point branches for the cool flame ignition (TPB,) and
the strongly-burning state extinction (TPB;) meet tangentially at
the cusp point CP; for an impractically short residence time
(1,To) =(1.9x10°51805.9K), and the parameter ranges
between them define the regime of multistability. To the left of
the TPB; bifurcation curve and for inlet temperature lower than
the T¢p, the residence time is so low that the reactor cannot be
ignited at any inlet mixture temperature. Similarly, the turning
point branches for the cool (TPB3) and the extinguished reactor
(TPB4) states meet tangentially at the second cusp point CP,

(t=23x10"*s and Ty =746.5K), and the parameter range

between them defines the conditions for the coexistence of the
two states.

For inlet temperatures higher than Tcp, = 1805.9 K, the reactor
can only operate at the strongly-burning state, irrespective of the
residence time (Fig. 14(e)). In the range of parameters between
the bifurcation curves TPB; and TPB, and the two horizontal
dashed lines passing though the CP; and CP,, two steady (weakly
and strongly burning states) and one unstable steady state will
be observed (Fig. 14(d)).

In the range between TPB; and TPB, and below the lower
dashed line, the dynamics become more complex, involving up to
seven possible limit sets: three steady and stable (unreacted mix-
ture, cool flame and strongly burning state), three unstable steady
states, and oscillatory cool flames. At inlet temperature Ty = 550 K,
the lower limit for which the detailed mechanism is valid [43], one
Hopf bifurcation point always exists for a residence time between
the second (TPB,) and the third (TPBs) turning points (i.e., along
the cool flame branch), as it can be seen in Fig. 14(b) for
To = 600 K. It turns out that the second Hopf point emerges from
the saddle-node TPB; locus at 7 =0.4898s, To = 687.58 K. The
HBB and TPB; curves meet tangentially at a Bogdanov-Takens
(BT) bifurcation point of codimension two where the steady state
has a double-zero eigenvalue [41]. As the value of inlet tempera-
ture is further increased, the turning point and the second Hopf
point, move apart and two Hopf points begin to move closer
together until finally HB; and HB, coalesce at the double Hopf

bifurcation point (7, To) = (7 x 10~*5,719.1 K), another bifurcation
point of codimension two, where two pairs of complex conjugate
eigenvalues change their signs simultaneously at a double Hopf
bifurcation point. For 719.1 < Ty < Tep, K, the whole cool flame
branch is steady, as can be seen in Fig. 14(c).

As mentioned, high codimension points act as organizing cen-
ters for the dynamics (see [41] for the details on the expected
behavior around such points). However, for high-dimensional sys-
tems like the one considered here it is difficult to show the expected
behavior, which includes global bifurcations. Figure 15(a) shows
only the transient behavior of a PSR initialized at a residence time
slightly lower than BT. The reactor state starts to oscillate with
increasing amplitude. Due to the low residence time compared to
the BT point, the cool flame cannot sustain itself, it extinguishes
suddenly and the reactor temperature returns to the inlet value.
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Fig. 14. (a) Two-parameter (To-7) continuation of the turning and Hopf bifurcation points of the adiabatic PSR at p = 1 atm and ¢ = 1; one-parameter bifurcation diagrams
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The entropy production and the CSP analysis of the mode with pos-
itive eigenvalue at the conditions of the BT point are provided in
Fig. 15(b)—(d).

Some of the dynamics mentioned above occurs in narrow
ranges of inlet temperatures and sometimes for very short resi-
dence times and would therefore be difficult to observe experi-
mentally. Nevertheless, two-parameter diagrams like Fig. 14
provide invaluable information for understanding the combustion
dynamics and guiding experiments in PSRs to parameter regions
where the kinetics at different regimes can be effectively probed.
Continuation with respect to additional parameters can help to
identify parameter ranges that are more amenable to experimental
investigation.

6.2.2. Adiabatic reactor: effect of pressure and equivalence ratio on the
t—Ty bifurcation diagram

The effect of pressure and equivalence ratio on the t—T, bifur-
cation diagram can be studied by computing the curves for differ-
ent values of p and ¢.

At higher pressure the observed bifurcations do not change, but
the branches of the critical curves shift to lower residence times
rendering the strongly burning state more dominant (Fig. 16(a)).
The range of inlet temperatures leading to cool flame oscillations
widens, but the reduction in the range of T make their experimen-
tal investigation more difficult. The inlet composition is found to
have only a minor effect on the dynamics for ¢ = 0.8,1.0, and 1.2
(Fig. 16(b)). Figure 16 can be considered as a projection of the
three-parameter bifurcation diagram on the two-parameter space
7—T,. By repeating the analysis for different pressures or equiva-
lence ratios, three-parameter diagrams can be constructed.

7. Conclusions

The complex dynamics and bifurcations of high hydrocarbons
like n-heptane in perfectly stirred reactors were systematically
investigated using a combination of time integration of the tran-
sient PSR equations and single- and multi-parameter continuation
and stability analysis with AUTO-07p [26]. The study was carried

out with a skeletal mechanism with 149 species and 669 elemen-
tary reactions constructed by applying the recently proposed
entropy production analysis method [23] on the detailed LLNL2
scheme [44] (561 species and 2539 reactions). Ignition delay time
and flame speed over an extended range of conditions and the
bifurcation points in the PSR computed with the skeletal mecha-
nism are in very good agreement with the results computed with
the detailed mechanism.

The reactor stability was investigated with respect to the resi-
dence time 7, inlet temperature Ty, pressure p, inlet mixture equiv-

alence ratio ¢ and heat loss Q. Multiple turning and Hopf
bifurcation points were found in the continuation with respect to
T defining the bifurcation values and showing that up to six limit
sets can coexist for the same operating conditions, both
physically-realizable (steady and stable: extinguished reactor, cool
flames and strongly burning state, or unsteady: cool flame oscilla-
tions) as well as unphysical (unstable steady states along the
branches connecting either the turning points defining the condi-
tions for ignition and extinction or Hopf bifurcation point leading
to the oscillatory dynamics). The kinetics at the bifurcation points
were analyzed with the help of the time-scale and amplitude
participation indices of Computational Singular Perturbation to
identify the important reactions for the explosive mode corre-
sponding to the eigenvalue with positive or least negative real part
and entropy production analysis which points to the reactions con-
tributing most to irreversibility. Continuation with respect to
equivalence ratio revealed isolas, and their appearance was studied
by varying the residence time. With respect to heat loss, a
Z-shaped curve was obtained, and the extinction of the strongly
burning reactor was found to be dynamic (oscillatory extinction).
Time integration indicated that global bifurcations also play an
important role in the dynamics.

Two-parameter continuation with respect to 7 and T, revealed
the range of conditions of the different steady and oscillatory states.
Codimension-two bifurcation point (cusp, Bogdanov-Takens and
double Hopf) were found, but the high-dimensionality of the sys-
tem complicates their detailed investigation. The effect of pressure
and equivalence ratio on the two-parameter diagram was also
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Fig. 15. The analysis of Bogdanov-Takens bifurcation point, BT (To=687.58 K, T=727.89 K, T = 0.4898 ms): (a) Temperature evolution in the transient PSR after small
perturbation in reactor temperature, (b) Most contributing reactions in the total entropy production, (c¢) Amplitude participation indices, (d) Time scale participation indices
(p=1atmand ¢ =1).
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Fig. 16. Effect of (a) pressure and (b) equivalence ratio on the T—T, two-parameter continuation diagrams (adiabatic PSR working at stoichiometric conditions).

studied. Increasing pressure for a stoichiometric mixture in an adi-
abatic PSR was found to shift the critical curves to lower residence
time, but the bifurcations between different states was unaffected.
Equivalence ratio variations in an atmospheric pressure adiabatic
PSR have only a minor effect.

To the best of the authors’ knowledge this is the first compre-
hensive and systematic study of the combustion dynamics of a
high hydrocarbon in perfectly stirred reactors. However, the com-
plexity resulting from both the high dimensionality of the dynam-
ical system and the large number of parameters hinder the
exploration of all possible long-term behaviors. A lot remains to
be done, particularly in terms of exploring different combinations

of parameters, locating and tracking global bifurcations, and ana-
lyzing the wealth of the generated information to probe and under-
stand the reaction kinetics determining the critical conditions.
The numerically predicted ranges of different dynamics can
guide experimental investigations to interesting conditions, which

will provide data for the validation or iterative refinement of
detailed reaction mechanisms.
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